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Abstract: We explore the effective field theory for single and multiple interacting pseudo-linear spin-
2 fields. By applying forward limit positivity bounds, we show that among the parameters contributing
to elastic tree level scattering amplitude, there is no region of compatibility of the leading interactions
with a standard local UV completion. Our result generalizes to any number of interacting pseudo-
linear spin-2 fields. These results have significant implications for the organization of the effective field
theory expansion for pseudo-linear fields.
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1 Introduction
The effective field theory description of massive spin fields, and in particular those of spin-2, is of in-
terest for many reasons. Massive spin-2 states have been considered in the context of particle physics
models [1–4], and play a central role in massive theories of gravity [5]. Massive spin-2 states clearly
play an important role in low energy descriptions of Kaluza-Klein and other braneworld constructions
[5–7]. They also arise in the condensed matter context, for example as effective descriptions of the
gapped collective excitation in fractional quantum Hall systems [8].
In the relativistic context, it is natural to interpret all theories of massive spin particles in terms
of a breaking of the symmetries of a massless particle. The central reason being that in a Lorentz
invariant theory, at energies much higher than the mass of the particle, the states of a massive spin will
naturally decompose into those of massless helicity modes. By virtue of their canonical normalization,
the interaction scales for the different helicity states are different, and this has a significant impact
on the organization of the low energy effective field theory expansion. The case of massive spin-2 has
been well studied [5, 9]. For generic higher spins, the symmetry structures that give rise to interacting
massless theories are necessarily infinite as there are strong theorems precluding interactions of finitely
– 1 –
many spins with s > 2 [10–12]. The spin-2 case is special in that we already know of one description of
infinitely many interacting massive spin-2 fields with one massless, namely Kaluza-Klein theory. The
would-be infinite number of 4 dimensional diffeomorphism symmetries that would arise for decoupled
massless gravitons, combine together to make a theory which respects a higher dimensional diffeo-
morphism symmetry. Rewritten in four dimensional terms, the higher dimensional diffeomorphism
symmetry appears as a Kac-Moody type algebra [13]. Hence, stated differently, Kaluza-Klein theory
may be interpreted as a spontaneously broken version of a four dimensional theory with a Kac-Moody
symmetry [13].
These infinite dimensional symmetry groups generically enforce an infinite number of closely spaced
states [7] and so are not useful descriptions in situations where there may exist a gap, such that there
is a low energy effective description with only a finite number of spin-2 states. Such situations do
occur in the condensed matter context [8] and it is interesting to explore this possibility in the Lorentz
invariant context. For a finite number of spin-2 and lower spin fields, the broken symmetry group
will be finite dimensional. It is thus natural to ask, how many nonlinear extensions do there exist for
the symmetries of set of free spin-2 fields. A known nonlinear symmetry, determines the symmetry
breaking mechanism which in turn organizes the construction of the low energy effective theory. In
the case of a single massive spin-2, which at free massless level has a copy of linear diffeomorphisms
(spin-2 gauge invariance), it is known that there are only two nonlinear completions of the symmetry
itself [14]. Full diffeomorphisms, and the same linear spin-2 gauge invariance. Thus an interacting
effective field theory of a single massive spin-2 field can either arise from a spontaneously broken dif-
feomorphism symmetry, or a spontaneous breaking of spin-2 gauge invariance [14]. The former case
corresponds to massive gravity and multi-gravity theories, and is by far the most commonly assumed
scenario. The latter is sometimes referred to as pseudo-linear spin-2 massive gravity [15], however
we just refer to these as pseudo-linear spin-2 fields as they have no connection with gravity per se.
Pseudo-linear spin-2 fields could prove to be a useful description for the EFT of excited spin-2 mesons,
similar to those that arise in the condensed matter context where they have no immediate connection
with gravitational physics.
Whether or not any single or multiple interacting massive spin-2 fields could have a standard UV
completion remains as yet unclear [16]. By assuming the UV completion to be Lorentz invariant, causal
and unitary it is possible to derive particular bounds on the scattering amplitudes of the low energy
EFTs, so called positivity bounds, which restrict the allowed parameter space of the EFT [17–26]. We
stress that a failure to satisfy these bounds does not imply the EFT is inconsistent but only that it
could not have a standard UV completion, but this does not preclude a non-standard UV completion
[23]. Indeed one of the most likely standard assumptions to fail is that of locality, since it is not ex-
pected that a gravitational theory respects polynomial (or exponential) boundedness [27], and this is a
central assumption in the derivation of positivity bounds [28]. Remarkably two dimensional ghost-free
massive gravity does admit a known UV completion, since when coupled to a conformal field theory
with central charge c = 24 it is equivalent to the worldsheet theory of a critical string [29], and more
generically that of a non-critical string. The latter are known to have a worldsheet S-matrix which vio-
lates polynomial/exponential boundedness and so does not respect standard locality requirements [30].
In a recent work [26] we applied the positivity bounds to EFTs of interacting multiple spin-2 fields
described in [31], which were extensions of ghost-free massive gravity. In this paper we apply these
bounds to effective field theories of one or more interacting pseudo-linear massive spin-2 fields. The
– 2 –
particular case of a single pseudo-linear spin-2 field was considered already in [21] where it was shown
that for the leading ‘ghost-free’ interactions some of the definite helicity positivity bounds have to be
marginal, unlike its close cousin ‘ghost-free massive gravity’ [20, 23, 25, 26]. Another interesting ex-
ample where positivity bounds are marginal is in the case of massless Galileons [32]. In this theory the
2-2 tree level scattering amplitude grows as the third power of the Mandelstam variables which means
that the positivity bounds are marginal [19]. Interestingly, massless Galileons arise as the decoupling
limit of massive gravity [33], which would seem to suggest that massive gravity cannot have a standard
UV completion. However, it was shown in [20] that there exists a compact region in the parameter
space for which the scattering amplitudes of this theory are compatible with forward limit positivity
bounds and this has been further considered in [23–26]. This is because taking a decoupling limit is
distinct to considering the low-energy EFT, and while Galileons are massless in the decoupling limit
of massive gravity (where the mass is sent to zero), those modes remain massive in the low-energy
limit of massive gravity. As shown in [34] this distinction is crucial in satisfying the positivity bounds.
The rest of this paper is organized as follows: in Section 2 we review the EFT for a single and
for multiple interacting massive pseudo-linear spin-2 fields. We then discuss the positivity bounds
in Section 3 before explaining how they constrain the EFT in Section 4 for one or two interacting
pseudo-linear spin-2 fields. We revisit the single spin-2 case considered in [21] and find and close a
loophole in the argument that it is ruled out. We then extend our result to an arbitrary number
of massive pseudo-linear spin-2 fields in section 5. We end with some outlooks and discussions in
Section 6. Details on the polarization structure are given in Appendix A and the indefinite bounds
for the higher order operators are given in Appendix B.
2 EFT of Interacting Pseudo Linear Spin-2 Fields
2.1 Single field
We start by considering the standard Fierz–Pauli linear Lagrangian for a single massive spin-2 field
[35]
LFP = −hµνEαβµν hαβ −
1
2
m21
(
[h2]− [h]2) , (2.1)
where the squared brackets denote the trace with respect to the Minkowski metric and E stands for
the Lichnerowicz operator defined as
Eαβµν hαβ = −
1
2
[
hµν − ∂α∂µhαν − ∂α∂νhαµ + ∂µ∂νh− ηµν
(
h− ∂α∂βhαβ
)]
. (2.2)
While the Fierz-Pauli action breaks linear diffeomorphisms, it is ghost-free and propagates five degrees
of freedom in four-dimensions. The breaking of linearized diffeomorphism can be ‘restored’ by the in-
troduction of four linear Stu¨ckelberg fields, three of which are dynamical and describe the propagating
states of the helicity-1 and helicity-0 modes.
When supplementing the Fierz-Pauli action with non-linear interactions, one possibility is to
promote the linearized diffeomorphism (spin-2 gauge invariance) symmetry to full nonlinear diffeo-
morphisms (general coordinate transformations) and the resulting theory is then closely linked to a
gravitational theory. Alternatively, and this will be the approach considered here, one can view the
spin-2 states’ masses arising from the breaking of a linearized diffeomorphism symmetry, even at the
– 3 –
interacting level, and therefore maintain the Stu¨ckelberg fields as introduced linearly (see [36] for a
discussion on the distinction between the non-linear Stu¨ckelberg and the linear or helicity approach).
Such fields are referred to as pseudo-linear spin-2 fields [15]. The pseudo-linear reflects the fact that
the gauge symmetry is linear, even though we consider interactions.
It was established in [15] that only three pseudo-linear ghost-free terms could be added to the Fierz-
Pauli action in four dimensions. Those were found by requiring that: (i) they preserve the number of
degrees of freedom of the linear Fierz-Pauli theory; (ii) when possible they arise as terms leading order
in perturbations of a non-linear field that satisfies (i). Two of these terms arise straightforwardly as
decoupling limits of the standard ghost-free interactions for massive gravity [37]. Indeed on taking the
non-linear fields Kµν = δµν −
(√
g−1f
)µ
ν
and expressing the metric as gµν = ηµν +
hµν
M1
, where M1 is the
scale of non-linearities, then in the decoupling limit M1 → ∞ with α3 and α4 scaled appropriately,
the usual ghost-free massive gravity interactions become
L0,3 = εεIhhh = [h]3 − 3[h][h2] + 2[h3] ,
L0,4 = εεhhhh = [h]4 − 6[h2][h]2 + 8[h3][h] + 3[h2]2 − 6[h4] .
(2.3)
Here and henceforth we use the shorthand notation
εεI4−nXn ≡ εµ1...µnµn+1...µ4εν1...νnνn+1...ν4Xµ1ν1 . . .Xµnνn δµn+1νn+1 . . . δµ4ν4 ,
εεI4−n∂2Xn ≡ εµ1...µnµn+1...µ4εν1...νnνn+1...ν4(∂µ1∂ν1Xµ2ν2 ) . . .Xµnνn δµn+1νn+1 . . . δµ4ν4 ,
(2.4)
where [X] denotes the trace of the matrix/tensor X. There are no ghost-free terms with four or more
derivatives in four spacetime dimensions (closely related to the Lovelock theorem [38, 39]). However
as clarified in [15], the pseudo-linear theory allows a two-derivative ghost-free cubic interaction term,
first found in [40], and is given by
L2,3 = εε(∂2h)hh . (2.5)
This term is not the Einstein-Hilbert term cubic interaction since the latter would only be ghost-free
if we consider full non-linear diffeomorphism invariance at the non-linear level. Indeed this term ap-
pears to be an isolated feature of the pseudo-linear theory and does not have an equivalent ghost-free
structure when the symmetry is nonlinear diffeomorphism [41–44], i.e. in the massive gravity context.
In what follows, we shall not be concerned with the theory defined uniquely by the ghost-free
interactions, but rather by the effective field theory with the highest cutoff, similarly to the logic
followed in [26, 31]. From this perspective the interactions (2.3) are to be regarded as the leading
interactions in a Wilsonian effective action which contains an infinite number of terms. Thus the
leading terms used to describe the effective action of a single pseudo-linear spin-2 field are taken to be
g2∗L = LFP +
a1
2M1
L2,3 + m
2
1κ
(h)
3
4M1
L0,3 + m
2
1κ
(h)
4
4M21
L0,4 , (2.6)
where a1 and κ
(h)
3,4 are dimensionless coupling constants. The choice of scales for the coefficients in this
leading effective action will be defined in analogy to the general case [26, 31] by identifying a spin-2
interaction scale M1 and organizing the pseudo-linear theory as an EFT with the strong coupling scale
Λ3 = (m
2
1M1)
1/3. In addition, as in [26, 31] we have include an overall weak coupling parameter g∗
which conveniently suppresses loops if g∗  1 allowing us to apply tree level positivity bounds only.
– 4 –
In writing (2.6), it is worth remembering that if the interactions L0,3/4 were generic (not given by
(2.4)), they would lead to a ghost hidden in the higher derivative interactions of the helicity-0 mode of
the massive spin-2 generically appearing at the scale Λ5 = (m
4
1M1)
1/5 [9, 45]. These dangerous higher
derivative interactions can only be avoided by the special tunings in the non-derivative interaction
terms corresponding to setting L0,3/4 to their expression given in (2.4). This was first recognized in
[37] and applied to the pseudo-linear case in [15]. Since these tunings lead to a theory with a higher
cutoff scale they are technically natural. Indeed, after replacing the metric with hµν → ∂µ∂νpim21 one
observes that all the higher derivative terms drop out because of the double-epsilon structure in both
derivative and non-derivative interactions (2.3) and (2.5). The surviving subleading terms correspond
to interactions which arise at the Λ3 scale. Indeed the decoupling limit of the pseudo-linear theory is
identical in form to the general case, namely it looks like a massless spin-2 coupled to a Galileon and a
Maxwell field. Thus (2.6) defines the leading interactions of what we mean by a Λ3 theory of a single
pseudo-linear spin-2 field.
2.2 Two fields
In this work we are mainly interested in the theory of two or more interacting pseudo-linear massive
spin-2 fields [46]. For now, we shall focus on two interacting pseudo-linear spin-2 fields which can
easily be generalized to an arbitrary number of pseudo-linear fields in section 5. In four dimensions
each of the two spin-2 can be separately described by the pseudo-linear action (2.6) given above. We
can then couple the two spin-2 fields as follows
g2∗L =LFP1 +
a1
2M1
εε(∂2h)hh+
m21κ
(h)
3
4M1
εεIhhh+
m21κ
(h)
4
4M21
εεhhhh
+LFP2 + a2
2M2
εε(∂2f)ff +
m22κ
(f)
3
4M2
εεIfff +
m22κ
(f)
4
4M22
εεffff
+
a3
2M1
εε(∂2h)hf +
a4
2M2
εε(∂2h)ff +
a5
2M2
εε(∂2f)fh+
a6
2M1
εε(∂2f)hh
+
m22
4
[
2c1
M1
εεIhhf +
2c2
M2
εεIhff +
λ
M1M2
εεhhff +
d1
M21
εεhhhf +
d2
M22
εεhfff
]
,
(2.7)
where the first two lines is the sum of the individual pseudo-linear EFTs for the decoupled fields, the
third line gives the cubic two-derivative interactions between the two fields and the last line are the
non-derivative interactions. On the last line we have also included the d1, d2 interactions which however
do not contribute to elastic tree level scattering processes. They will therefore remain unconstrained
by the positivity bounds explored in this work. The mass scales m1,M1 and m2,M2 are the mass
and non-linearity scales of hµν and fµν respectively. We shall assume that there is no large hierarchy
between the two sets of masses and parameterize their ratios as
m2 ≡ m, m1
m2
≡ x , M2 ≡M , M1
M2
≡ γ . (2.8)
As in the single field case, (2.7) should be regarded as the leading interactions in a Wilsonian effective
action, organized with interactions at the Λ3 scale, and this point should be remembered in interpreting
the implications of the positivity bounds as we shall see.
3 Positivity Bounds
In the following sections we shall apply the forward limit 2→ 2 scattering amplitude positivity bounds
to theories of interacting pseudo-linear spin-2 fields. The positivity bounds arise as certain conditions
– 5 –
on the couplings in the low energy effective field theory due to the requirement of the existence of
a local and unitary Lorentz invariant UV completion. Stated more formally, the knowledge of the
analytic structure of the scattering amplitude in the complex s-plane allows one to relate a properly
regulated contour integral f of the low energy scattering amplitude to the total scattering cross section
via the use of the optical theorem [17–19]. In the framework of [20–26], the positivity bounds can be
imposed on the derivatives of the pole-subtracted forward limit (t = 0) amplitude as:
fλ1λ2 =
1
2
d2
ds2
(Asλ1λ2λ1λ2(s, 0)− poles) > 0 , (3.1)
where λ1, λ2 stand for the polarization states of the ingoing and outgoing particles which are assumed
to be equal in elastic scattering. We refer the reader to [26, 47] for derivation of (3.1) in our current
notations.
3.1 Indefinite Scattering
In the following Section we apply the positivity bounds (3.1) on the elastic forward limit (t = 0) two–
to–two scattering amplitudes in the EFT given in (2.7). Our main focus will be the hh→ hh (and the
equivalent ff → ff) scattering process allowing to rule out all the non-derivative self-couplings κ(h)3 ,
κ
(h)
4 , κ
(f)
3 , κ
(f)
4 , as well as all the cubic couplings a1, . . . , a6 and c1, c2. The only remaining quartic
coupling sensitive to the tree-level positivity bounds, λ, is in turn ruled out by the hf → hf scattering,
as in [26]. As in [26] we cannot exclude the interactions d1 and d2 since they do not contribute to
elastic scattering at tree level.
We express the polarization states of the ingoing and outgoing particles in either the scalar-vector-
tensor (SVT) or the transversity polarization basis, depending on convenience. While the former is the
basis most commonly used in the context of scattering massive spin-2 particles (see, e.g. [20]) we find
that in some specific cases the transversity basis proves to be more useful [47]. Also, while in many
cases it turns out to be sufficient to only consider definite helicity states, we obtain the strongest
constraints when considering arbitrary configurations of the helicity eigenstates. These indefinite
polarization states of the ingoing and outgoing particles can be specified in the SVT basis as
(1) = αT1T1 + αT2T2 + αV 1V 1 + αV 2V 2 + αSS ,
(2) = βT1T1 + βT2T2 + βV 1V 1 + βV 2V 2 + βSS ,
(3) = (1) ,
(4) = (2) ,
(3.2)
where we have assumed that the polarizations of each ingoing and outgoing particle-pair (i.e. of
particles 1, 3 and 2, 4) are equal. In practice it proves sufficient in determining the strongest bounds to
focus on real combinations, and so these ten real numbers α, β then entirely determine the configuration
of helicities of the scattering process. The expressions of the polarization tensors, as well as the relation
between the SVT and transversity basis are given in the Appendix A.
In the following subsection we briefly review and extend the positivity bound constraints on
the single pseudo-linear spin-2 field EFT existing in the earlier literature [21]. We then impose the
positivity bounds (3.1) on the theory (2.7) of two interacting pseudo-linear spin-2 fields in Section 4.
We find that turning on interactions between the two fields forbids a standard UV completion for this
EFT.
– 6 –
3.2 Single Pseudo-Linear Spin-2 Field
The positivity bounds for the case of a single pseudo-linear scalar field were previously studied in [21]
where it was argued that the theory was ruled out. In particular, keeping for now the same notation
as in [21], the following bounds were obtained on the couplings of the EFT of a single pseudo-linear
spin-2 field1
f(TTTT )+ =
9λ21 + 4λ1λ3
3m21M
2
p
> 0 ,
f(TTTT )− =
λ21
m21M
2
p
> 0 ,
f(TV TV ) = −3λ
2
1 + 4λ1λ3
16m21M
2
p
> 0 ,
f(TSTS) = −4λ
2
1 + 2λ1λ3
16m21M
2
p
> 0 ,
f(V V V V )+ = −15λ
2
1 + 13λ1λ3 + 5λ
2
3
12m21M
2
p
> 0 .
(3.3)
It was then argued that the fact that the second inequality imposes λ1 6= 0 makes it impossible to
satisfy the last inequality for any choice of values for λ1, λ3. In this sense the violation is marginal,
since it is implicitly assumed that the bounds cannot be saturated, i.e. that equality on the right
hand side is not allowed. However if we allow the equality, then the rather trivial solution λ1 = 0
would allow all but the f(V V V V )+ bounds to be satisfied, with the latter enforcing λ3 = 0.
There is however a small loophole in this argument, since the expressions on the left hand side of
(3.3) are only the leading terms in the effective theory. As in the case of the massless Galileon which
is ruled out marginally by positivity bounds [19], a small correction to the effective field theory can
allow these inequalities to be satisfied [34]. To be more specific, the meaning of the positivity bound
f > 0 is that f has to be positive in the low energy effective field theory in question. However, any
EFT contains an infinite number of operators. In particular, there are the leading order operators
arising at the scale that sets the lowest interaction scale of the theory and there are the higher order
operators arising, for instance, from loop corrections of heavy fields. These also contribute to the
scattering processes and thus to f . Having this perspective in mind, when imposing positivity bounds
on the leading order operators one should in fact only require
f ' 0 . (3.4)
The approximate equality in the above relation should mean that the positivity bounds are marginally
satisfied and are sensitive to the higher order corrections. This possibility was also mentioned in
[21], however, it was argued that there are no higher derivative operators that can be added to the
pseudo-linear theory without introducing additional degrees of freedom. As was explained earlier, in
the pseudo-linear theory the ghost-free operators L0,3,L0,4,L2,3 are the leading order operators arising
at the Λ3 scale and these are indeed the only ghost-free operators that can be written down in this
theory. However, higher order terms do arise suppressed by the scale Λ3. The Λ3-EFT was discussed
1Note that the λi’s in (3.3) are the couplings considered in [21] and not polarization of the ingoing and outgoing
states. The couplings are related to those in (2.6) as λ1 = a1, λ3 =
3κ
(h)
3
2
, and λ4 = 6κ
(h)
4 , while g∗Mp =M1.
– 7 –
for instance in [25, 31] and the higher order operators take the form
Lh.o. = Λ43 L˜h.o.
[
∂
Λ3
,
h
M
,
m∂A
Λ33
,
∂2pi
Λ33
]
. (3.5)
To demonstrate explicitly how such higher order operators modify the positivity bounds let us
consider an operator of the form
Lh.o. = c
4M4
(∂ρ∂λhµν)hµν(∂ρ∂λh
σγ)hσγ . (3.6)
The coupling c will have the following contribution to the various bounds:
f(TTTT )+ =
9λ21 + 4λ1λ3
3Λ42
+
c
2M4
> 0 ,
f(TTTT )− =
λ21
Λ42
+
c
4M4
> 0 ,
f(TV TV ) = −3λ
2
1 + 4λ1λ3
16Λ42
+
c
4M4
> 0 ,
f(TSTS) = −4λ
2
1 + 2λ1λ3
16Λ42
+
c
4M4
> 0 ,
f(V V V V )+ = −15λ
2
1 + 13λ1λ3 + 5λ
2
3
12Λ42
+
1
M4
(
3s(s− 4m2)
8m4
+ 2
)
c > 0 .
(3.7)
We have maintained an s dependence which comes from an ambiguity in defining at which low energy
s we evaluate f . In a weakly coupled theory g∗  1 for which we are applying tree level positivity
bounds, we must have f positive for all s in the range 4m2 − Λ2 < s < Λ2. We note that for all the
scatterings involving the tensor modes, the contributions from the operator c only arise at the scale
M . This is despite the fact that in the action some of them would come at the Λ2 scale. Indeed, very
schematically, the contribution to the TSTS channel would scale as
LTSTS = cΛ43
(
∂
Λ3
)4(
h
M
)2(
∂2pi
Λ33
)2
=
c
M2Λ63
∂4h2(∂2pi)2 =
c
Λ82
∂4h2(∂2pi)2 , (3.8)
making clear that this is a Λ2 scale operator. However, this contributes to the scattering amplitude
with terms of the form ∆ATSTS ∼ cs4−nm2n/Λ82 which for n = 2 gives a contribution to f of the form
cm4/Λ82 = c/M
4 as we see above.
From the above expressions we see that the contributions from the operator (3.6) can make these
bounds positive when the leading contribution is zero (i.e. λ1 = λ3 = 0). Moreover, as explained
in Appendix B, this operator is allowed by all possible indefinite polarization bounds. It is then
important to notice that the remaining definite helicity bounds also involve the quartic non-derivative
operator λ4 (or κ
(h)
4 in our conventions) leading to
f(V V V V )− = −15λ
2
1 + 4λ1λ3 − 4λ23 + 4λ4
16Λ42
+
c
4M4
> 0 ,
f(V SV S) = −3λ
2
1 − 8λ1λ3 − 12λ33 + 8λ4
48Λ42
+
c
4M4
> 0 , (3.9)
f(SSSS) = −5λ
2
1 + 6λ1λ3 + λ
3
3 + 2λ4
9Λ42
+
(
488m8 − 672m6s+ 408m4s2 − 120m2s3 + 15s4)
144m8M4
c > 0 .
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Setting the cubic couplings to zero and demanding the above expressions to be positive then leads
to the constraint λ4 < 0. Hence we conclude that the positivity bounds applied on the EFT of a
single pseudo-linear spin-2 field, as far as analysed in [21] do not rule out the theory. In particular,
the quartic operator εεhhhh is still allowed by the analysis of [21] i.e. we could still have a non-
zero negative λ4. However, upon pushing the positivity bounds further and considering indefinite
polarization scattering, setting αS = 0, αV 1 = 0 (see next section) and λ1 = λ3 = 0 we further get the
following bound:
f = −α
2
V 2
(
2βS
(
βS −
√
3βT1
)
+ 3β2V 1
)
12m2M2x2
λ4 ≥ 0. (3.10)
This inequality implies λ4 = 0 as the numerator α
2
V 2
(
2βV 2
(
βV 2 −
√
3βT1
)
+ 3β2V 1
)
can be both
positive and negative for different choices of β’s and so all the leading terms are forced to be zero.
Again, while the couplings λ1, λ3 and λ4 do need to vanish in order for the positivity bounds to be
marginally satisfied, we have demonstrated that higher order operators naturally arising in the EFT
can have non-zero positive contributions to f and this provides a small technical window for the theory
to live in, albeit one that is far less interesting than imagined at the outset.
4 Bounds for Pseudo Linear Interactions
4.1 hh→ hh Scattering
Now we apply the forward limit positivity bounds to a theory of two interacting pseudo-linear spin-2
fields. By considering some particular choices of polarizations of the ingoing and outgoing particles we
shall show that the theory of two interacting pseudo-linear spin-2 fields can be ruled out by positivity
bounds. For this it will be enough to consider the hh → hh (or, equivalently, ff → ff) scatterings.
We note that this scattering channel is independent on the ratio γ of the interaction scales.
Definite Transversity States
From the hh→ hh definite transversity-2 scattering amplitude (α+2 = β−2 = 1, α−2 = β+2 = α±1 =
β±1 = α0 = β0 = 0) we get
f =− 1
768m2M2x8
[
16x4
(
5c1(a3 + 2a6) + (a3 + 2a6)
2 − 2c21
)
+ 8c1x
2(a3 + 2a6 + c1) + 4c
2
1
+ 3x6
(
336a21 + 420a1κ
(h)
3 + 32
(
2c1(a3 + 2a6) + (a3 + 2a6)
2 + 4c21
)
+ 273κ
(h)2
3
)]
≥ 0 .
(4.1)
A key point is that this definite helicity amplitude does not receive a contribution the quartic contact
term κ
(h)
4 . This expression can be written in the following form:
f = vT Mˆv ≥ 0 , (4.2)
where v = (κ
(h)
3 , a1, c1, a3, a6) and
Mˆ =
1
M2

− 273128m2x2 − 10564m2x2 0 0 0
− 10564m2x2 − 218m2x2 0 0 0
0 0 − 96x6−8x4+2x2+196m2x8 − 24x
4+10x2+1
96m2x6 − 24x
4+10x2+1
48m2x6
0 0 − 24x4+10x2+196m2x6 − 6x
2+1
24m2x4 − 6x
2+1
12m2x4
0 0 − 24x4+10x2+148m2x6 − 6x
2+1
12m2x4 − 6x
2+1
6m2x4
 . (4.3)
– 9 –
The matrix Mˆ consists of two block matrices that can be defined as
A2×2 = − 3
128m2M2x2
(
91 70
70 112
)
,
B3×3 = − (6x
2 + 1)
96m2M2x6
 1x2 (16x4 − 4x2 + 1) 4x2 + 1 2(4x2 + 1)4x2 + 1 4 8
2(4x2 + 1) 2 4
 . (4.4)
The eigenvalues of A2×2 are
λA± =
−21
256m2M2x2
(
29±
√
409
)
< 0 , (4.5)
and are always negative. This means that the (κ
(h)
3 , a1) subset in v can only satisfy the inequality
(4.2) if both κ
(h)
3 = a1 = 0.
The matrix B3×3 is apparently degenerate since the last two rows only differ by a factor of two
giving one zero eigenvalue. This means that the two interaction terms, a3εε(∂
2h)hf and a6εε(∂
2f)hh,
give equivalent contributions to the scattering between two transversity-2 states. This is apparent
from the scattering amplitude (4.1) since a3, a6 only appear in the combination a3 + 2a6. It can also
be seen when deriving the expression for the interaction vertex for an ingoing transversity-2 state.
The remaining two non-zero eigenvalues are in turn
λB± = −
(
6x2 + 1
)
192m2M2x8
(
36x4 − 4x2 + 1±
√
336x8 + 192x6 + 28x4 − 8x2 + 1
)
≤ 0 . (4.6)
One can check that these eigenvalues are both non-positive. Moreover, there is no value of x for which
both eigenvalues λB± vanish simultaneously. We also see that for x = 0 and x = ± 12 at least one of
the eigenvalues, λB−, vanishes. The case of x = m1/m2 = 0 corresponds to the situation when one
of the two fields has no non-derivative self-interactions. However, in this limit f is infinite, so we will
not consider it any further. The case when x = ± 12 we shall explore in more detail below.
The total set of the eigenvalues is thus {λA±, λB = 0, λB±} and M is negative semi-definite.
Therefore, only the equality sign is allowed in (4.2), i.e. the quantity f in (4.1) is never strictly
positive. As was said before, for f to vanish it is necessary to demand that κ
(h)
3 = a1 = 0. Then, the
remaining three quantities that determine the positivity (or non-negativity, to be more precise) are
a˜3 ≡ a3 + 2a6, c1, x. The quantity f simplifies to
f = − (6x
2 + 1)
192m2M2x8
[
4x2a˜23 + 2c1x
2(4x2 + 1)a˜3 + c
2
1(16x
4 − 4x2 + 1)] . (4.7)
Demanding that it vanishes can be viewed as solving a quadratic equation for a˜3 in terms of the other
parameters c1 and x. The discriminant of that equation can be found to be D = −12c21x2(4x2−1)2 ≤ 0.
Thus, the equation f = 0 can only have one real root in the case when the discriminant is zero. This
can happen in two cases: (i) when c1 = 0 we find that a˜3 = 0 for any value of x; (ii) when x = ± 12 we
find that a˜3 = −2c1. The latter case is exactly reflecting the situation when one of the two eigenvalues
is vanishing. We emphasize again that our results here can only constrain the combination of couplings
a˜3 ≡ a3 + 2a6 thus leaving some freedom in the full parameter space even if we require that a˜3 = 0 or
a˜3 = −2c1.
In the next subsection we show that the two possibilities (i) and (ii) are ruled out by choosing
the ingoing and outgoing particles in the states with SVT polarizations given in Table 1.
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Polarizations in SVT basis
αT1 βT1 αT2 βT2 αV 1 βV 1 αV 2 βV 2 αS βS
−0.460,−0.140 −0.212, 0.0655 0.517,−0.819 0.113, 0.180 0.680, 0.523
−0.377,−0.143 0.248, 0.208 0.789, 0.174 −0.416,−0.313 0.008,−0.899
1, 0 0, 0 0, 0 0, 0 0, 1
Table 1: Special configurations of polarizations for hh → hh scattering that rule out the equality
case in (4.1).
Here we consider four specific choices of polarizations in SVT basis, some of them given in Table 1:
• The two positivity quantities f1 and f2 of the amplitudes obtained from the scattering of particles
in states determined by the first two sets of polarizations in Table 1 can be multiplied by positive
numbers b1 and b2 and added together in such a way that the coupling κ
(h)
4 cancels from the
sum of the two amplitudes. Since each of them has to satisfy the positivity bound on its own
and in the sum they have only been multiplied by positive numbers we can require that the sum
of the two must itself be non-negative. The resulting inequality is thus
0 ≤ b1f1 + b2f2 = 1
m2M2x8
[
a6c1
(
2x8 − 5.27x6 + 6.1x4 − 0.865x2 + 0.142) (4.8)
+a26x
2
(
x6 − 5.23x4 + 0.082x2 − 0.008)+ c21 (x10 − 0.04x8 − 88.4x6 + 33.6x4 + 0.51x2 − 1.08)
x2
]
,
which can be expressed in the form of (4.2) with v = (c1, a6). It can then be shown that Mˆ is
negative definite for x < 2.16. Therefore, the resulting inequality can be true only for
x ≥ 2.16 . (4.9)
This already rules out the case (ii) where one had to require that x = ± 12 leaving κ(h)3 = a1 =
a3 + 2a6 = c1 = 0 as the only possibility to (marginally) satisfy the positivity bounds.
• We obtain even more stringent constraints from scattering particles with the last set of polar-
izations in Table 1. This gives the following inequality:
f = −a
2
6(8x
2 − 1)(2x2 − 1) + 4a6c1
(
8x4 − 10x2 + 1)+ 4c21 (4x4 − 6x2 + 1)
12x4m2M2
≥ 0 . (4.10)
This again can be treated as a quadratic equation for a6 depending on c1 and x. To determine
the parameter regions when the expression above is non-negative, we first find its roots, i.e. the
values of a6 when the scattering amplitude is zero. We find that the discriminant of the above
equation (we drop the overall factor 1/6x4) is D = −64c21x2(6x4 − 9x2 + 1) and can only be
non-negative in the region
1
12
(
9−
√
57
)
≤ x2 ≤ 1
12
(
9 +
√
57
)
, (4.11)
(in numerical values 0.121 ≤ x2 ≤ 1.379). If we are now to combine this with the constraint (4.9)
found above, we see that we are forced to be in the region where the discriminant is negative.
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This implies that f as a function of a6 is a parabola that does not cross the zero for any real
value of a6. Thus the amplitude can be positive only if the ‘a6-parabola’ lies in the upper half-
plane. This for general values of x can be achieved by demanding that the coefficient of a26 in f
is positive which happens if −(8x2 − 1)(2x2 − 1) > 0 giving
1
8
≤ x2 ≤ 1
2
. (4.12)
This is incompatible with x ≥ 2.16 and thus we conclude that the two inequalities (4.8) and (4.10)
can only be true simultaneously if both couplings c1, a6 vanish. This breaks the degeneracy in a3
and a6 that we saw in the previous subsection where we were only able to constrain a3 +2a6 = 0.
The analysis presented here thus allows us to conclude that all the couplings considered so far
must vanish:
κ
(h)
3 = a1 = a3 = a6 = c1 = 0 . (4.13)
• Finally, let us constrain the coupling κ(h)4 in the case when all the other couplings are vanishing,
as required by the positivity bounds. We find that this case is ruled out since by setting αS = 0
and αV 1 = 0. By leaving all the other polarizations arbitrary we get the following bound:
f = −α
2
V 2
(
2βS
(
βS −
√
3βT1
)
+ 3β2V 1
)
2m2M2x2
κ
(h)
4 ≥ 0. (4.14)
This inequality implies κ
(h)
4 = 0 as the numerator α
2
V 2
(
2βV 2
(
βV 2 −
√
3βT1
)
+ 3β2V 1
)
can be
both positive and negative for different choices of β’s.
Hence, we conclude there is no allowed region of parameter space for an EFT including two
interacting pseudo-linear spin-2 field consistent with positivity bounds. As we will see in section 5,
this conclusion for this particular scattering process can be generalized to multiple interacting pseudo-
linear spin-2 fields.
4.2 ff → ff and hf → hf Scattering
The scattering amplitude of ff → ff can be obtained from the hh→ hh scattering amplitude, up to
an overall factor of mass ratio, by changing m1 → m2, the non-derivative mixing couplings c1 → m
2
2
m21
c2,
a1 → a2, a3 → a4, a6 → a5 and κ(h)3,4 → κ(f)3,4 . Hence, we can recover the previous conclusion for the
operators contributing to the ff → ff , i.e. that
κ
(f)
3 = κ
(f)
4 = a2 = a4 = a5 = c2 = 0 , (4.15)
and there is no region of parameter space compatible with the positivity bounds.
Since there are no cubic couplings, the quartic operator, λεεhhff , contributing to the hf → hf
scattering amplitude is ruled out as mentioned in [26].
5 Extension to Any Number of Massive Pseudo-Linear Spin-2 Fields
In this section we consider multiple massive pseudo-linear spin-2 fields. We add additional fields, f (i)
with i = 2, ..., N and N denoting the total number of spin-2 fields with mass mi. The interacting
terms contributing to the hh→ hh scattering amplitude are:
g2∗L(i) =
M1Mi
4
(
2a
(i)
3 εε(∂
2h)hf (i) + 2a
(i)
6 εε(∂
2f (i))hh
)
+
m2iM1Mi
4
2c
(i)
1 εεIhhf
(i) + ... . (5.1)
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By choosing the polarizations of the previous section, (4.2) can be generalised. Since there are no
mixing terms in the hh→ hh amplitude between h self-interaction couplings and the h−f (i) couplings,
schematically, Mˆ and v in (4.2) take the following form:
Mˆ =

A2×2 0 0 . . . 0
0 B
(1)
3×3 0 . . . 0
0 0 B
(2)
3×3 . . . 0
...
...
...
. . .
...
0 0 0 . . . B
(i)
3×3

, v = (κ
(h)
3 , a1, c
(1)
1 , a
(1)
3 , a
(1)
6 , ..., c
(i)
1 , a
(i)
3 , a
(i)
6 ). (5.2)
Where the matrices B
(i)
3×3 are all in the form of the 3 × 3 block diagonal matrix in (4.3) and (4.4).
Thus, in (5.2) all the block matrices are negative semi-definite with x substituted by x(i) =
m(i)
m2
for
i = 1, ..., N . Hence, the previous analysis can be easily extended to this case and so the coefficients of
the leading operators contributing to the tree-level hh→ hh scattering amplitude must be zero for a
theory with any number of pseudo-linear massive spin-2 fields.
6 Discussion
In this article we have extended the discussion of positivity bound constraints on effective field theories
of multiple spin-2 particles in [26] to the case of pseudo-linear spin-2 theories where the symmetries
broken by the mass term are linear diffeomorphisms/spin-2 gauge invariance. By applying forward
limit positivity bounds we found that non-zero operators in the action (2.7) (except for d1, d2) lead
to a theory which does not have a local, Lorentz invariant, causal and unitary UV completion. Our
analysis for the operators contributing to hh → hh tree-level scattering works for any number of
pseudo-linear massive spin-2 fields. This is consistent with previous work excluding the possibility of
a single pseudo-linear spin-2 field. However, all of these statements should be understood within the
context of an effective field theory expansion. Technically speaking it is possible to satisfy the leading
forward limit positivity bounds by having the leading interactions zero (or parametrically smaller),
and then using higher derivative operators in the EFT to satisfy positivity. Thus the more accurate
statement is that if the leading operators are marginally ruled out, then it means that they must
be suppressed in such away that higher derivative operators contribute equally or dominantly to the
desired bounds. This nevertheless has a profound effect on the assumed structure of the effective field
theory expansion, and it is quite possible that the application of more general positivity bounds, such
as for example the non-forward limit bounds [47, 48] exclude the EFTs entirely.
Our particular results extend easily to any number of pseudo-linear spin-2 fields. A similar (but
not identical in origin) result that adding more fields does not increase the allowed region in the pa-
rameter space was also seen in [26] where it was observed that adding an extra massive spin-2 field to
ghost-free massive gravity shrinks the allowed region for self-couplings of the other field. This is due
to a combination of the increase in the number of constraints with increasing number of fields and the
knowledge of an extra pole to subtract automatically strengthening any low energy bounds. In the
case of two spin-2, constraining d1 and d2 operators would required to go beyond 2–2 elastic scattering
amplitudes for which would require an extension of the standard positivity bounds formalism. Simi-
larly in the case of multiple spin-2 there are interactions which do not contribute to h(i)h(j) → h(i)h(j)
– 13 –
that we have not excluded.
Overall these results yet again demonstrate the power of the application of positivity bounds to
effective field theories, and in particular those of spin-2. We stress again that these bounds are all
derived based on a standard local Lorentz invariant UV completion and that giving up any one of
these assumptions can lead to different conclusions. For instance the spin-2 states that arise in the
condensed matter context are not constrained by these requirements. In the relativistic case it is also
possible that the assumption of locality is not appropriate, particular to spin-2 states arising in an
underlying gravitational theory.
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A Polarization Tensors
In this section we give the polarization tensors both in the transversity basis and in the SVT basis.
In our analysis we mainly use the SVT basis, however, part of the hh→ hh analysis of Subsection 4.1
was done in the transversity basis. Since the latter is less common in the literature we present it in
more detail. This basis was first used in the modern context in [47] and was shown to be a convenient
basis for positivity bounds away from the forward limit.
Throughout this work we use a frame where the momenta of ingoing and outgoing particles are
parametrized as
pµi = (Ei, p sin θi, 0, p cos θi) , (A.1)
where i = 1, . . . , 4, the angles are θ1 = 0 , θ2 = pi, θ3 = θ , θ4 = pi+ θ and the energies satisfy E1 = E3,
E2 = E4. We only consider the forward limit (θ = 0) scattering amplitudes. For more detailed
conventions we refer to the Appendix B of [26].
A.1 Transversity Basis
The polarization vectors in the transversity basis in the frame where the momentum of the corre-
sponding particle is pµ = (E, 0, 0, p) are defined as follows [47]:
µτ=±1 =
i√
2m
(p,±im, 0, E) , (A.2)
µτ=0 = (0, 0, 1, 0) . (A.3)
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To find the polarization tensors satisfying pµ
µν
τ = 0, 
µ
τ µ = 0 we express them as a combination of
the polarization vectors with the appropriate Clebsch-Gordan coefficients:
µντ=±2 = −µ±ν± , (A.4)
µντ=±1 =
1√
2
(µ±
ν
0 + 
µ
0 
ν
±) , (A.5)
µντ=0 = −
1√
6
(µ+
ν
− + 
µ
−
ν
+ + 2
µ
0 
ν
0) . (A.6)
Hence, the polarization tensors are
µντ=±2 =
1
2m2

p2 ±imp 0 pE
±imp −m2 0 ±imE
0 0 0 0
pE ±imE 0 E2
 , (A.7)
µντ=±1 =
1
2m

0 0 ip 0
0 0 ∓m 0
ip ∓m 0 iE
0 0 iE 0
 , (A.8)
µντ=0 =
1√
6m2

p2 0 0 pE
0 m2 0 0
0 0 −2m2 0
pE 0 0 E2
 . (A.9)
As in the SVT basis in (3.2), the entire configuration of transversities can be specified by ten (real)
numbers, α1, .., α5, β1, ...β5, as
(1) = α1+2 + α2+1 + α30 + α4−1 + α5−2 ,
(2) = β1+2 + β2+1 + β30 + β4−1 + β5−2 ,
(3) = (1) ,
(4) = (2) .
(A.10)
A.2 SVT basis
The coefficients in the indefinite transversity polarization states above are related to the α’s and β’s
in SVT basis in (3.2) by the following transformation:

αT1
αT2
αV 1
αV 2
αS
 =

− 1
2
√
2
0
√
3
2 0 − 12√2
0 1√
2
0 − 1√
2
0
− 1√
2
0 0 0 1√
2
0 1√
2
0 1√
2
0√
3
2
2 0
1
2 0
√
3
2
2


α−2
α−1
α0
α+1
α+2
 . (A.11)
B Indefinite Bounds for the Higher Operator
We can conclude from Section 4 that the coefficients a1, κ
(h)
3 and κ
(h)
4 in Eq. (2.6) must all be equal
to zero. Then the bound from indefinite scattering is found to be:
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c144m8M4
(
4m8
(
α2S
(
122β2S + 9
(
β2T1 + β
2
T2 + β
2
V 1 + β
2
V 2
))
+ 6αSβS
(
15αT1βT1 − 15αT2βT2
− 17αV 1βV 1 + 17αV 2βV 2
)
+ 9
(
α2T1
(
β2S + 2β
2
T1 + β
2
T2 + β
2
V 1 + β
2
V 2
)
+ α2T2
(
β2S + β
2
T1
+ 2β2T2 + β
2
V 1 + β
2
V 2
)
+ β2Sα
2
V 1 + β
2
Sα
2
V 2 − 2αT1βT1
(
αT2βT2 + 3αV 1βV 1 − 3αV 2βV 2
)
+ β2T1α
2
V 1 + β
2
T1α
2
V 2 + β
2
T2α
2
V 1 + 6αT2βT2
(
αV 1βV 1 − αV 2βV 2
)
+ β2T2α
2
V 2 + 8α
2
V 1β
2
V 1
+ β2V 1α
2
V 2 + β
2
V 2
(
α2V 1 + 8α
2
V 2
)
− 14αV 1βV 1αV 2βV 2
))
− 12m6s
(
56α2Sβ
2
S
+ 3αSβS
(
8αT1βT1 − 8αT2βT2 − 19αV 1βV 1 + 19αV 2βV 2
)
+ 9
(
αV 1βV 1
− αV 2βV 2
)(
− αT1βT1 + αT2βT2 + 2αV 1βV 1 − 2αV 2βV 2
))
+ 6m4s2
(
68α2Sβ
2
S
+ 12αSβS
(
αT1βT1 − αT2βT2 − 5αV 1βV 1 + 5αV 2βV 2
)
+ 9
(
αV 1βV 1 − αV 2βV 2
)
2
)
− 60m2s3αSβS
(
2αSβS − αV 1βV 1 + αV 2βV 2
)
+ 15s4α2Sβ
2
S
)
(B.1)
By numerically varying this equations with α’s, β’s and s we found the minimum to be 0.114m
4c
Λ82
> 0,
therefore this operator is allowed by all the indefinite bounds.
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